Abstract. A conjecture due to Honda predicts that given any abelian variety over a number field K, all of its quadratic twists (or twists of a fixed order in general) have bounded Mordell-Weil rank. About 15 years ago, Rubin and Silverberg obtained an analytic criterion for Honda's conjecture for a family of quadratic twists of an elliptic curve defined over the field of rational numbers. In this paper, we consider this problem over number fields. We will prove that the existence of a uniform upper bound for the ranks of elliptic curves in this family is equivalent to the convergence of a certain infinite series. This result extends the work of Rubin and Silverberg over Q.
Introduction
Fix integers a, b, c such that the polynomial f (x) = x 3 + ax 2 + bx + c ∈ Z[x] has three distinct complex roots, and let E be the elliptic curve (1.1) E : y 2 = f (x).
For D ∈ Z \ {0}, let E D be the quadratic twist of E given by
For an abelian variety A defined over a number field K, let A(K) denote the group of K-rational points of A, which is finitely generated and abelian (MordellWeil theorem). Denote by rank A(K) the number of maximally independent points in A(K)/A(K) tor with respect to the ring of rational integers, where A(K) tor denotes the subgroup of torsion points in A(K). In this paper, we will consider the cases where A is the elliptic curve E or E D defined above.
Much work have been done to give an explicit upper bound for the ranks of elliptic curves. For example, for elliptic curves E (D) : y 2 = x 3 + Dx, where D is a fourthpower-free integer, it is well known that
where ν(2D) denotes the number of prime divisors of 2D. (See [13] , Chapter X, Section 6.)
In the case where E is defined over Q and has no rational point of order two, Brumer and Kramer gave an upper bound for the rank of E in terms of the dimension of the ideal class group of the cubic subfield of 2-division field of E modulo squares, and the number of primes of bad reduction. (For the precise statement, see [2], Proposition 7.1.) Notice that the 2-division field of E D is just the field generated over Q by the solutions of f (x) = 0 in Q, where f (x) is as given in Equation (1.2), so it is independent of D in a family of quadratic twists.
In [10] and [11] , Rubin and Silverberg reformulated the question of whether there is a constant C ∈ R such that rank E D (Q) < C for every D ∈ Z \ {0}, into a question of whether a certain infinite series converges. The significance of their work is the translation of a purely arithmetic question into an analytic one. So far, we do not know a single example of a family of quadratic twists of an elliptic curve for which we could prove the existence of such a uniform upper bound for the ranks.
Our main theorem, which is Theorem 3.1 in Section 3, is as follows.
Main Theorem. Let E/K be an elliptic curve and E m be its quadratic twist as given in Equation (1.2). Let j and k be non-negative real numbers such that j > 0. There is a series S E,K (j, k) such that the following conditions are equivalent:
(For the definition of the series S E,K (j, k), see Equation (3.1) in Section 3.)
The existence of such a uniform upper bound for the ranks of elliptic curves was first conjectured by Honda in 1960 in a more general context [4] . In that paper, he proved Theorems 1.1 and 1.2 below.
